Coloring the vertices of a graph G subject to given conditions can be considered as a random experiment and corresponding to this experiment, a discrete random variable X can be defined as the colour of a vertex chosen at random, with respect to the given type of coloring of G and a probability mass function for this random variable can be defined accordingly. A proper coloring C of a graph G, which assigns colors to the vertices of G such that the numbers of vertices in any two color classes differ by at most one, is called an equitable colouring of G. In this paper, we study two statistical parameters of certain cycle related graphs, with respect to their equitable colorings.
Introduction
For all terms and definitions, not defined specifically in this paper, we refer to [1, 7, 20] and for the terminology of graph coloring, we refer to [2, 8, 9] . For the terminology in Statistics, see [13, 14] . Unless mentioned otherwise, all graphs considered in this paper are simple, finite, connected and undirected.
Graph coloring is an assignment of colors or labels or weights to the vertices, edges and faces of a graph under consideration. Many practical and real life situations motivated in the development of different types of graph coloring problems. Unless stated otherwise, the graph coloring is meant to be an assignment of colors to the vertices of a graph subject to certain conditions. A proper coloring of a graph G is a colouring with respect to which vertices of G are colored in such a way that no two adjacent vertices G have the same color.
Several parameters related to different types of graph coloring can be seen in the literature concerned. The chromatic number of graphs is the minimum number of colors required in a proper coloring of the given graph. The general coloring sums with respect to different classes have been studied in [10, 15] .
Coloring of the vertices of a given graph G can be considered as a random experiment. For a proper k-coloring C = {c 1 , c 2 , c 3 , . . . , c k } of G, we can define a random variable (r.v.) X which denotes the color ( or precisely, the subscript i of the color c i ) of any arbitrary vertex in G. As the sum of all weights of colors of G is equal to the number of vertices of G, the real valued function f (i) defined by
elsewhere will be the probability mass function (p.m f.) of the random variable (r.v.) X (see [16] ), where θ (c i ) denotes the cardinality of the colour class of the colour c i .
If the context is clear, we can also say that f (i) is the probability mass function of the graph G with respect to the given coloring C . Hence, we can also define the parameters like mean and variance of the random variable X, with respect to a general coloring of G can be defined as follows.
An equitable coloring of a graph G is a proper coloring C of G which an assignment of colors to the vertices of G such that the numbers of vertices in any two color classes differ by at most one. The equitable chromatic number of a graph G is the smallest number k such that G has an equitable coloring with k colors.
Conjecture 1(Equitable Coloring Conjecture (ECC)). [12]
For any connected graph G, which is neither a complete graph nor an odd cycle, χ e (G) ≤ ∆ (G), where ∆ (G) is the maximum vertex degree in G.
In [11] , this conjecture was verified for connected bipartite graphs and following it, a study on the relation between the equitable chromatic number and the maximum degree of graphs in [3] and a subsequent study on equitable coloring of trees has been done in [4] .
Motivated by the studies on different types graph colorings, coloring parameters and their applications, we extend the concepts of arithmetic mean and variance, two statistical parameters, to the theory of equitable graph coloring in this paper. Throughout the paper, we follow the convention that 0 ≤ θ (c i ) − θ (c j ) ≤ 1, when i < j.
New Results
Two types of chromatic means and variances corresponding to an equitable coloring of a graph G are defined as follows.
Definition 1.
[19] Let C = {c 1 , c 2 , c 3 , . . . , c k } be an equitable k-coloring of a given graph G and X be the random variable which denotes the number of vertices having a particular color in C , with the p.m. f f (i). Then, (i)the equitable coloring mean of a coloring C of a given graph G, denoted by µ χ e (G), is defined to be µ χ e (G) =
(ii)equitable coloring variance of a coloring C of a given graph G, denoted by σ 2 χ e (G), is defined to be σ 2
If the context is clear, the above defined parameters can respectively be called the equitable coloring mean and equitable coloring variance of the graph G with respect to the coloring C . In this paper, we study the equitable chromatic parameters for certain cycle related graph classes.
A wheel graph W n is a graph obtained by joining all vertices of a cycle C n to an external vertex. This external vertex may be called the central vertex of W n and the cycle C n may be called the rim of W n . The following result determines the equitable colouring parameters of a wheel graph.
if n is even (n 2 +4n+7) 4(n+1) ; if n is odd, and
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; if n is odd.
Proof. Let v be the central vertex of the wheel graph W n = C n + K 1 and v 1 , v 2 , . . . , v n be the vertices of the cycle C n . Since v is adjacent to all other vertices of W n , none of them can have the same colour of v. Hence, the colour class containing v is a singleton set. Hence, every other colour class, with respect to an equitable colouring of W n must be a singleton or a 2-element set. Here we need to consider the following cases. Case-1: Let n be even. Then, n 2 +1 colours are required in an equitable colouring of W n . Let C = {c 1 , c 2 , . . . , c , c +1 } be an equitable colouring of W n , where = n 2 . Note that the colour classes of c 1 , c 2 , . . . , c are 2-element sets, while the colour class of c +1 , which consists of the central vertex, is a singleton set (see Figure 1 for illustration). Let X be the random variable which represents the colour of an arbitrarily chosen vertex of W n . Then, the corresponding p.m.f of G is
elsewhere.
Hence, the corresponding equitable colouring mean of the wheel graph W n is given by
4(n+1) and the corresponding equitable colouring variance of
Case-2: Let n be odd. Then, n−1 2 + 2 colours are required in an equitable colouring of W n . If C = {c 1 , c 2 , . . . , c , c +1 , c +2 } be an equitable colouring of W n , where = n−1 2 , then the colour classes of c 1 , c 2 , . . . , c are 2-element sets, while the colour classes of c +1 and c +2 are singleton sets (see Figure 1 for illustration). Let X be the random variable which represents the colour of an arbitrarily chosen vertex of W n . Then, the corresponding p.m.f of G is
Then, the corresponding equitable colouring mean is
and σ 2 χ e = 1 2 + 2 2 + 3 2 + . . .
A double wheel graph DW n is a graph defined by 2C n + K 1 . That is, a double wheel graph is a graph obtained by joining all vertices of the two disjoint cycles to an external vertex. The following result discusses the equitable colouring parameters of a double wheel graph.
Theorem 2. For a double wheel graph DW n = 2C n + K 1 , we have µ χ e (DW n ) = (n +
Proof. Note that there are n + 1 colours, say c 1 , c 2 , . . . , c n , c n+1 , in an equitable colouring of DW n . As in the case of wheel graph, the colour classes of c 1 , c 2 , . . . , c n are 2-element sets and the colour class of c n+1 is a singleton set in DW n (see Figure 2 for illustration). Therefore, the corresponding p.m.f of DW n is given by
A helm graph H n is a graph obtained by attaching a pendant edge to every vertex of the rim C n of a wheel graph W n . The following result provides the equitable colouring parameters of the helm graphs.
Theorem 3. For the helm graph H n , we have
Proof. Note that the equitable colouring of a helm graph H n contains four colours, say c 1 , c 2 , c 3 and c 4 . Then, we consider the following cases: Figure 3 for illustration). Then, the corresponding to the random variable X defined as mentioned above, the p.m.f is given by Figure 3 for illustration) . Then, the corresponding to the random variable X defined as mentioned above, the p.m.f is given by
Then, the corresponding equitable colouring mean is µ χ e = (1
A closed helm graph CH n is a graph obtained from the helm graph H n , by joining a pendant vertex v i to the pendant vertex v i+1 , where 1 ≤ i ≤ n and v n+i = v i . That is, the pendant vertices in H n induce a cycle in CH n . Then, we have (2n+1) 2 ; if n is even
Proof. The proof follows exactly as mentioned in the proof Theorem 3 (see Figure 4 for illustration). 
Fig. 4: Equitable colouring of closed helm graphs
A flower graph F n is a graph which is obtained by joining the pendant vertices of a helm graph H n to its central vertex. The following theorem discusses the equitable colouring parameters of the flower graph F n .
Theorem 5. For a flower graph F n , we have
Proof. As in the case of wheel graph, the central vertex v of F n is adjacent to all other vertices of F n and hence no other vertex of F n can have the same colour of v. Hence, the colour class containing v is a singleton set and every other colour class, with respect to an equitable colouring of F n must be a singleton set or a 2-element set. Then, n + 1 colours are required in an equitable colouring of F n . Let C = {c 1 , c 2 , . . . , c n , c n+1 } be an equitable colouring of F n . Note that the colour classes of c 1 , c 2 , . . . , c n are 2-element sets, while the colour class of c n+1 , which consists of the central vertex, is a singleton set (see Figure 5 for illustration). Then, the corresponding p.m.f of G is
Hence, the corresponding equitable colouring mean of the flower graph F n is given by µ χ e (F n ) = (1
2n+1 and the corresponding equitable colouring variance of H n is σ 2 χ e = (1 2 + 2 2 + 3 2 + . . . A sunflower graph SF n is a graph obtained by replacing each edge of the rim of a wheel graph W n by a triangle such that two triangles share a common vertex if and only if the corresponding edges in W n are adjacent in W n . The following theorem determines the equitable colouring parameters of the sunflower graph SF n . A closed sunflower graph CSF n is the graph obtained by joining the independent vertices of a sunflower graph SF n , which are not adjacent to its central vertex so that these vertices induces a cycle on n vertices. The following result provides the equitable colouring parameters of a closed sunflower graph.
Theorem 7. For the sunflower graph SF n , we have
Proof. The proof is similar to that of Theorem 3 (see Figure 7 for illustration).
A blossom graph Bl n is the graph obtained by joining all vertices of the outer cycle of a closed sunflower graph CSF n to its central vertex. The equitable chromatic parameters of blossom graphs are determined in the following result. Proof. The proof is similar to that of Theorem 5 (see Figure 8 for illustration). 
Conclusion
In this paper, we discussed mean and variance, two important statistical parameters, related to equitable coloring of certain cycle related graphs. The coloring parameters can be used in various areas like project management, communication networks, optimisation problems etc. The concepts of equitable chromatic parameters can be utilised in certain practical and industrial problems like resource allocation, resource smoothing, inventory management, service and distribution systems etc.
The χ e -chromatic mean and variance of many other graph classes are yet to be studied. Further investigations on the sum, mean and variance corresponding to the χ e -coloring of many other standard graphs seem to be promising open problems. Studies on the sum, mean and variance corresponding to different types of edge colorings, map colorings, total colorings etc. of graphs also offer much for future studies.
We can associate many other statistical parameters to graph coloring and other notions like covering, matching etc. All these facts highlight a wide scope for future studies in this area.
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